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Abstrat
We analyze the approah to hiral symmetry breaking in QCD at nite temper-
ature, using the funtional renormalization group. We ompute the running gauge
oupling in QCD for all temperatures and sales within a simple trunated renormal-
ization ow. At nite temperature, the oupling is governed by a xed point of the
3-dimensional theory for sales smaller than the orresponding temperature. Chiral
symmetry breaking is approahed if the running oupling drives the quark setor to
ritiality. We quantitatively determine the phase boundary in the plane of tempera-
ture and number of avors and nd good agreement with lattie results. As a generi
and testable predition, we observe that our underlying IR xed-point senario leaves
its imprint in the shape of the phase boundary near the ritial avor number: here,
the saling of the ritial temperature is determined by the zero-temperature IR rit-
ial exponent of the running oupling.
1 Introdution and summary
The properties of strongly interating matter hange distintly during the transition from
low to high temperatures [1℄, as is urrently explored at heavy-ion olliders. Whereas the
low-temperature phase an be desribed in terms of ordinary hadroni states, a opious
exitation of resonanes in a hot hadroni gas eventually implies the breakdown of the
hadroni piture; instead, a desription in terms of quarks and gluons is expeted to arise
naturally owing to asymptoti freedom. In the transition region between these asymptoti
desriptions, eetive degrees of freedom, suh as order parameters for the hiral or deon-
ning phase transition, may haraterize the physial properties in simple terms, i.e., with
a simple eetive ation [2℄.
Reently, the notion of a strongly interating high-temperature plasma phase has at-
trated muh attention [3℄, implying that any generi hoie of degrees of freedom will not
lead to a weakly oupled desription. In fat, it is natural to expet that the low-energy
modes of the thermal spetrum still remain strongly oupled even above the phase transi-
tion. If so, a formulation with mirosopi degrees of freedom from rst priniples should
serve as the most powerful and exible approah to a quantitative understanding of the
system for a wide parameter range.
In this mirosopi formulation, an expansion in the oupling onstant is a natural
rst step [4℄. The struture of this expansion turns out to be theoretially involved [5℄,
exhibiting a slow onvergene behavior [6℄ and requiring oeients of nonperturbative
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origin [7℄. Still, a physially well-understood omputational sheme an be onstruted with
the aid of eetive-eld theory methods [8℄. This failitates a systemati determination
of expansion oeients, and the agreement with lattie simulations is often surprisingly
good down to temperatures lose to T
r
[9℄. The phase-transition region and the deep IR,
however, remain inaessible with suh an expansion.
In the present work, we use a dierent expansion sheme to study nite-temperature
Yang-Mills theory and QCD in terms of mirosopi variables, i.e., gluons and quarks. This
sheme is based on a systemati and onsistent operator expansion of the eetive ation
whih is inherently nonperturbative in the oupling. For bridging the sales from weak to
strong oupling, we use the funtional renormalization group (RG) [10, 11, 12℄ whih is
partiularly powerful for analyzing phase transitions and ritial phenomena.
Sine we do not expet that mirosopi variables an answer all relevant questions in
a simple fashion, we onentrate on two aessible problems. In the rst part, we fous
on the running of the gauge oupling driven by quantum as well as thermal utuations of
pure gluodynamis. Our ndings generalize similar previous zero-temperature studies to
arbitrary values of the temperature [13℄. In the seond part, we employ this result for an
investigation of the indued quark dynamis inluding its bak-reations on gluodynamis,
in order to monitor the status of hiral symmetry at nite temperature. This strategy fail-
itates a omputation of the ritial temperature above whih hiral symmetry is restored.
Generalizing the system to an arbitrary number of quark avors, we explore the phase
boundary in the plane of temperature and avor number. First results of our investigation
have already been presented in [14℄. In the present work, we detail our approah and
generalize our ndings. We also report on results for the gauge group SU(2), develop the
formalism further for nite quark masses, and perform a stability analysis of our results.
Moreover, we gain a simple analytial understanding of one of our most important results:
the shape of the hiral phase boundary in the (T,N
f
) plane. Whereas fermioni sreening is
the dominating mehanism for small N
f
, we observe an intriguing relation between the N
f
saling of the ritial temperature near the ritial avor number and the zero-temperature
IR ritial exponent of the running gauge oupling. This relation onnets two dierent
universal quantities with eah other and, thus, represents a generi testable predition of
the phase-transition senario, arising from our trunated RG ow.
In Set. 2, we summarize the tehnique of RG ow equations in the bakground-eld
gauge, whih we use for the onstrution of a gauge-invariant ow. In Set. 3, we disuss
the details of our trunation in the gluoni setor and evaluate the running gauge oupling
at zero and nite temperature. Quark degrees of freedom are inluded in Set. 4 and
the general mehanisms of hiral quark dynamis supported by our trunated RG ow
is eluidated. Our ndings for the hiral phase transition are presented in Set. 5, our
onlusions and a ritial assessment of our results are given in Set. 6.
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2 RG ow equation in bakground-eld gauge
As an alternative to the funtional-integral denition of quantum eld theory, we use a
dierential formulation provided by the funtional RG [10, 11, 12℄. In this approah, ow
equations for general orrelation funtions an be onstruted [15℄. A onvenient version is
given by the ow equation for the eetive average ation Γk whih interpolates between
the bare ation Γk=Λ = S and the full quantum eetive ation Γ = Γk=0 [11℄. The latter
orresponds to the generator of fully-dressed proper verties. Aiming at gluodynamis, a
gauge-invariant ow an be onstruted with the aid of the bakground-eld formalism
[16℄, yielding the ow equation [17℄
k ∂kΓk[A, A¯] ≡ ∂tΓk[A, A¯] = 1
2
STr
∂tRk(Γ
(2)
k [A¯, A¯])
Γ
(2)
k [A, A¯] +Rk(Γ
(2)
k [A¯, A¯])
, t = ln
k
Λ
. (1)
Here, Γ
(2)
k denotes the seond funtional derivative with respet to the utuating eld A,
whereas the bakground-eld denoted by A¯ remains purely lassial. The ghost elds are
not displayed here and in the following for brevity, but the super-trae also inludes a trae
over the ghost setor with the orresponding minus sign. The regulator Rk in the denom-
inator suppresses infrared (IR) modes below the sale k, and its derivative k∂kRk ensures
ultraviolet (UV) niteness; as a onsequene, the ow of Γk is dominated by utuations
with momenta p2 ≃ k2, implementing the onept of smooth momentum-shell integrations.
The bakground-eld formalism allows for a onvenient denition of a gauge-invariant
eetive ation obtained by a gauge-xed alulation [16℄. For this, an auxiliary symmetry
in the form of gauge-like transformations of the bakground eld A¯ is onstruted whih
remains manifestly preserved during the alulation. Identifying the bakground eld with
the expetation value A of the utuating eld at the end of the alulation, A = A¯, the
quantum eetive ation Γ inherits the symmetry properties of the bakground eld and
thus is gauge invariant, Γ[A] = Γ[A, A¯ = A].
The bakground-eld method for ow equations has been presented in [17℄: the gauge
xing together with the regularization lead to gauge onstraints for the eetive ation,
resulting in regulator-modied Ward-Takahashi identities [18, 19℄, see also [20, 15℄. In this
work, we solve the ow approximately, following the strategy developed in [18, 13℄. The
property of manifest gauge invariane of the solution is still maintained by the approxi-
mation of setting A = A¯ already for nite values of k. Thereby, we neglet the dierene
between the RG ows of the utuating and the bakground eld (see [21℄ for a treatment
of this dierene). The prie to be paid for this approximation is that the ow is no longer
losed [22℄; i.e., information required for the next RG step is not ompletely provided by
the preeding step. Moreover, this approximation satises some but not all onstraints
imposed by the regulator-modied Ward-Takahashi identities (mWTI). Here we assume
that both the information loss and the orretions due to the mWTI are quantitatively
negligible for the nal result. The advantage of the approximation of using Γk[A, A¯ = A]
for all k is that we obtain a gauge-invariant approximate solution of the quantum theory.
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1In the present work, we optimize our trunated ow by inserting the bakground-eld
dependent Γ(2) into the regulator in Eq. (1). This adjusts the regularization to the spetral
ow of the utuations [13, 22℄; it also implies a signiant improvement, sine larger lasses
of diagrams an be resummed in the present trunation sheme. As another advantage, the
bakground-eld method together with the identiation A = A¯ for all k allows to bring
the ow equation into a propertime form [13, 22, 25℄ whih generalizes standard propertime
ows [29℄; the latter have often suessfully be used for low-energy QCD models [30℄. For
this, we use a regulator Rk of the form
Rk(x) = xr(y), y :=
x
Zkk2 , (2)
with r(y) being a dimensionless regulator shape funtion of dimensionless argument. Here
Zk denotes a wave-funtion renormalization. Note that both Rk and Zk are matrix-valued
in eld spae. A natural hoie for the matrix entries of Zk is given by the wave funtion
renormalizations of the orresponding elds, sine this establishes manifest RG invariane
of the ow equation.
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More properties of the regulator are summarized in Appendix A.
Identifying the bakground eld and the utuation eld, the ow equation yields
∂tΓk[A= A¯, A¯] =
1
2
STr∂tRk(Γ
(2)
k )[Γ
(2)
k +Rk]
−1 =
1
2
∫ ∞
0
ds STrfˆ(s, ηZ) exp
(− s
k2
Γ
(2)
k
)
. (3)
Here, we have introdued the (matrix-valued) anomalous dimension
ηZ := −∂t lnZk = − 1Zk ∂tZk. (4)
The operator fˆ(s, ηZ) represents the translation of the regulator Rk into propertime spae
given by
fˆ(s, ηZ) = g˜(s)(2− ηZ) + (H˜(s)− G˜(s))1
s
∂t. (5)
The auxiliary funtions on the RHS are related to the regulator shape funtion r(y) by
Laplae transformation:
h(y) =
−yr′(y)
1 + r(y)
, h(y) =
∫ ∞
0
ds h˜(s)e−ys,
d
ds
H˜(s) = h˜(s) , H˜(0) = 0, (6)
g(y) =
r(y)
1 + r(y)
, g(y) =
∫ ∞
0
ds g˜(s)e−ys,
d
ds
G˜(s) = g˜(s), G˜(0) = 0. (7)
1
For reent advanes of an alternative approah whih is based on a manifestly gauge invariant regulator,
see [23℄. Further proposals for thermal gauge-invariant ows an be found in [24℄.
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For the longitudinal gluon omponents, this implies that the matrix entry (Zk)LL is proportional to
the inverse gauge-xing parameter ξ. As a result, this renders the trunated ow independent of ξ, and
we an impliitly hoose the Landau gauge ξ ≡ 0 whih is known to be an RG xed point [31, 32℄.
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So far, we have disussed pure gauge theory. Quark elds with a mass matrix Mψ¯ψ an
similarly be treated within our framework. For this, we use a regulator Rψk of the form [26℄
Rψk (i /¯D) = Zψi /¯D rψ
(
(i /¯D)2
k2
)
, (8)
where /¯D is a short-hand notation for /∂ − ig¯ /¯A. Note that the quark elds live in the
fundamental representation. This form of the fermioni regulator is hirally symmetri as
well as invariant under bakground-eld transformations. For later purposes, let us list the
quark-utuation ontributions to the gluoni setor; the ow of Γk[A¯] indued by quarks
with the regulator (8) an also be written in propertime form,
∂tΓk[A¯]
∣∣
ψ
= −Tr∂tRψk (i /¯D)[Γ(2)k +Rk]−1ψ = −
∫ ∞
0
dsTrfˆψ(s, ηψ,
Mψ¯ψ
k
) exp
(− s
k2
(i /¯D)2
)
, (9)
with [Γ
(2)
k + Rk]
−1
ψ denoting the exat (regularized) quark propagator in the bakground
eld. In Eq. (9), we have introdued the anomalous dimension of the quark eld,
ηψ := −∂t lnZψ. (10)
In omplete analogy to the gauge setor, we dene the operator fˆψ(s, ηψ, m˜) by
fˆψ(s, ηψ, m˜) = g˜
ψ(s, m˜)(1− ηψ) + (H˜ψ(s, m˜)− G˜ψ(s, m˜)) 1
2s
∂t . (11)
The regulator shape funtion rψ(y) is related to the auxiliary funtions appearing in the
denition of the operator fˆψ(s, ηψ, m˜) as follows
hψ(y, m˜) =
−2y2r′ψ(1 + rψ)
y(1 + rψ)2 + m˜2
, gψ(y, m˜) =
yrψ(1 + rψ)
y(1 + rψ)2 + m˜2
, (12)
hψ(y, m˜) =
∫ ∞
0
ds h˜ψ(s, m˜)e−ys
d
ds
H˜ψ(s, m˜) = h˜ψ(s, m˜), H˜ψ(0, m˜) = 0. (13)
The orresponding funtions gψ(y, m˜), g˜ψ(s, m˜), and G˜ψ(s, M˜) are related to eah other
analogously to Eq. (13). The present onstrution failitates a simple inlusion of nite
quark masses without ompliating the onvenient (generalized) propertime form of the
ow equation.
To summarize: the funtional traes in Eq. (3) and (9) an now be evaluated, for
instane, with powerful heat-kernel tehniques, and all details of the regularization are
enoded in the auxiliary funtions h, g et. Equations (3) and (9) now serve as the starting
point for our investigation of the gluon setor. The ow of quark-eld dependent parts of
the eetive ation proeeds in a standard fashion [27℄, see [28℄ for reviews; in partiular,
a propertime representation is not needed for the trunation in the quark setor desribed
below.
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3 RG ow of the running oupling at nite temperature
At rst sight, the running oupling does not seem to be a useful quantity in the nonper-
turbative domain, sine it is RG-sheme and strongly denition dependent. Therefore, we
annot a priori assoiate a universal meaning to the oupling ow, but have to use and
interpret it always in the light of its denition and RG sheme.
In fat, the bakground-eld formalism provides for a simple nonperturbative denition
of the running oupling in terms of the bakground-eld wave funtion renormalization
Zk. This is based on the nonrenormalization property of the produt of oupling and
bakground gauge eld, g¯A¯ [16℄. The running-oupling βg2 funtion is thus related to the
anomalous dimension of the bakground eld (f. Eq. (19) below),
βg2 ≡ ∂tg2 = (d− 4 + η)g2, η = − 1
Zk
∂tZk, (14)
where we have kept the spaetime dimension d arbitrary. Sine the bakground eld an
naturally be assoiated with the vauum of gluodynamis, we may interpret our oupling
as the response strength of the vauum to olor-harged perturbations.
3.1 Trunated RG ow
Owing to strong oupling, we annot expet that low-energy gluodynamis an be desribed
by a small number of gluoni operators. On the ontrary, innitely many operators beome
RG relevant and will in turn drive the running of the oupling. Following the strategy
developed in [18℄, we span a trunated spae of eetive ation funtionals by the ansatz
Γk = Γ
YM
k [A, A¯] + Γ
gf
k [A, A¯] + Γ
gh
k [A, A¯, c¯, c] + Γ
quark
k [A, A¯, ψ¯, ψ]. (15)
Here, Γgf and Γgh represent generalized gauge-xing and ghost ontributions, whih we
assume to be well approximated by their lassial form in the present work,
Γgfk [A, A¯] =
1
2ξ
∫
x
(Dµ[A¯](A−A¯)µ)2, Γghk [A, A¯, c¯, c] = −
∫
x
c¯Dµ[A¯]Dµ[A]c, D[A] = ∂−ig¯A,
(16)
negleting any non-trivial running in these setors. Here, g¯ denotes the bare oupling,
and the gauge eld lives in the adjoint representation, Aµ = A
c
µT
c
, with hermitean
gauge-group generators T c. The gluoni part ΓYMk arries the desired physial infor-
mation about the quantum theory that an be gauge-invariantly extrated in the limit
ΓYMk [A] = Γ
YM
k [A, A¯ = A].
The quark ontributions are ontained in
Γψk [A, ψ¯, ψ] =
∫
x
ψ¯(i /D[A] +Mψ¯ψ)ψ + Γ
q-int
k [ψ¯, ψ], (17)
where Mψ¯ψ denotes the quark mass matrix, and the quarks transform under the funda-
mental representation of the gauge group. The last term Γq-intk [ψ¯, ψ] denotes our ansatz
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for gluon-indued quark self-interations to be disussed in Set. 4. In Eq. (17), we have
already set the quark wave funtion renormalization to Zψ = 1, whih is a ombined
onsequene of the Landau gauge and our later hoie for Γq-intk [ψ¯, ψ].
An innite but still tratable set of gauge-eld operators is given by the nontrivial part
of our gluoni trunation,
ΓYMk [A] =
∫
x
Wk(θ), θ = 1
4
F aµνF
a
µν . (18)
Expanding the funtion W(θ) = W1θ + 12W2θ2 + 13!W3θ3 . . . , the expansion oeients
Wi denote an innite set of generalized ouplings. Here, W1 is idential to the desired
bakground-eld wave funtion renormalization, Zk ≡ W1, dening the running of the
oupling,
g2 = kd−4Z−1k g¯
2, (19)
whih Eq. (14) is a onsequene of. This trunation orresponds to a gradient expansion
in the eld strength, negleting higher-derivative terms and more ompliated olor and
Lorentz strutures. In this way, the trunation inludes arbitrarily high gluoni orrelators
projeted onto their small-momentum limit and onto the partiular olor and Lorentz
struture arising from powers of F 2. In our trunation, the running of the oupling is
suessively driven by all generalized ouplings Wi.
It is onvenient to express the ow equation in terms of dimensionless renormalized
quantities
ϑ = g2k−dZ−1k θ ≡ k−4g¯2θ, (20)
w(ϑ) = g2k−dWk(θ) ≡ k−4Z−1k g¯2Wk(k4ϑ/g¯2). (21)
Inserting Eq. (15) into Eq. (3), we obtain the ow equation for w(ϑ):
∂tw = −(4− η)w + 4ϑw˙ + g
2
2(4π)
d
2
∫ ∞
0
ds
{
− 16
N
∑
i=1
N
f∑
ξ=1
h˜ψ(s,
mξ
k
)fψT (s,
T
k
)fψ(sbi)b
ed
i
+ h˜(s)
[
4
N2

−1∑
l=1
(
fAT (s
.
w, T
k
)fA1 (s
.
wbl)− fAT (s, Tk )fA2 (sbl)
)
bedl
− 2fAT (s
.
w, T
k
)fA3 (s
.
w,
.
w
.
w +2ϑ
..
w
)
]
−
(
ηg˜(s) + (h˜(s)− g˜(s))
(∂t .w −4ϑ ..w
.
w
))
×
×
[
2
N2

−1∑
l=1
fAT (s
.
w, T
k
)fA1 (s
.
wbl)b
ed
l − fAT (s
.
w, T
k
)fA3 (s
.
w,
.
w
.
w +2ϑ
..
w
)
]
− 2(h˜(s)− g˜(s))ϑ
(
.
w +2ϑ
..
w)2
(
..
w∂t
.
w − .w∂t ..w +4 .w ..w +4ϑ( .w ...w − ..w2)
)
fA4 (s
.
w, T
k
)
]}
, (22)
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where the auxiliary funtions f are dened in App. A, and we have used the abbreviation
ed =
d−1
2
. The olor magneti eld omponents bi are dened by bi = |νi|
√
2ϑ, where
νi denotes eigenvalues of (n
aT a) in the fundamental representation; orrespondingly, bl is
equivalently dened for the adjoint representation. Furthermore, we have used the short-
hand notation w ≡ w(ϑ) and dots denote derivatives with respet to ϑ. In order to extrat
the ow equation for the running oupling, we expand the funtion w(ϑ) in powers of ϑ,
w(ϑ) =
∞∑
i=0
wi
i!
ϑi , w1 = 1. (23)
Note that w1 is xed to 1 by denition (21). Inserting this expansion into Eq. (22),
we obtain an innite tower of rst-order dierential equations for the oeients wi. In
the present work, we onentrate on the running oupling and ignore the full form of the
funtion W; hene, we set wi → 0 for i ≥ 2 on the RHS of the ow equation as a rst
approximation, but keep trak of the ow of all oeients wi. The resulting innite tower
of equations is of the form
∂twi = Xi(g
2, η) + Yij(g
2)∂twj, (24)
with known funtions Xi, Yij, the latter of whih obeys Yij = 0 for j > i+1. Note that we
have not dropped the wi ows, ∂twi, whih are a onsequene of the spetral adjustment
of the ow. This innite set of equations an iteratively be solved, yielding the anomalous
dimension as an innite power series of g2 (for tehnial details, see [13, 33℄),
η =
∞∑
i=0
amG
m with G ≡ g
2
2(4π)d/2
. (25)
The oeients am an be worked out analytially; they depend on the gauge group, the
number of quark avors, their masses, the temperature and the regulator. Equation (25)
onstitutes an asymptoti series, sine the oeients am grow at least fatorially. This
is no surprise, sine the expansion (23) indues an expansion of the propertime integrals
in Eq. (22) for whih this is a well-understood property [34℄. A good approximation of
the underlying nite integral representation of Eq. (25) an be dedued from a Borel
resummation inluding only the leading asymptoti growth of the am,
η ≃
∞∑
i=0
al.g.m G
m . (26)
The leading growth oeients are given by a sum of gluon/ghost and gluon-quark ontri-
butions,
al.g.m = 4(−2c1)m−1
Γ(zd +m)Γ(m+ 1)
Γ(zd + 1)
[
h¯A2m−ed(
T
k
)(d−2)2
2m − 2
(2m)!
τAmB2m
− 4
Γ(2m)
τAmh¯
A
2m−ed(
T
k
) + 4m+1
B2m
(2m)!
τψm
N
f∑
i=1
h¯ψ2m−ed(
mi
k
, T
k
)
]
. (27)
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The auxiliary funtions c1, c2, zd and the moments h¯j, h¯
ψ
j are dened in App. A and B.
The group theoretial fators τAm and τ
ψ
m are dened and disussed in App. C. The last
term in the seond line of Eq. (27) ontains the quark ontributions to the anomalous
dimension. The remaining terms are of gluoni origin.
The rst term in the seond line has to be treated with are, sine it arises from
the Nielsen-Olesen mode in the propagator [35℄ whih is unstable in the IR. This mode
ours in the perturbative evaluation of gradient-expanded eetive ations and signals
the instability of hromo elds with large spatial orrelation. At nite temperature, this
problem is partiularly severe, sine suh a mode will strongly be populated by thermal
utuations, typially spoiling perturbative omputations [36℄.
From the ow-equation perspetive, this does not ause oneptual problems, sine no
assumption on large spatial orrelations of the bakground eld is needed, in ontrast to
the perturbative gradient expansion.
For an expansion of the ow equation about the (unknown) true vauum state, the
regulated propagator would be positive denite, Γ
(2)
k + Rk > 0 for k > 0. Even without
knowing the true vauum state, it is therefore a viable proedure to inlude only the
positive part of the spetrum of Γ
(2)
k +Rk in our trunation, sine it is an exat operation
for stable bakground elds. At zero temperature, these onsiderations are redundant,
sine the unstable mode merely reates imaginary parts that an easily be separated from
the real oupling ow. At nite temperature, we only have to remove the unphysial
thermal population of this mode whih we do by a T -dependent regulator that sreens
the instability. As an unambiguous regularization, we inlude the Nielsen-Olesen mode
for all k ≥ T as it is, dropping possible imaginary parts; for k < T we remove the
Nielsen-Olesen mode ompletely, thereby inhibiting its thermal exitation. Of ourse, a
smeared regularization of this mode is also possible, as disussed in App. D. Therein,
the regularization used here is shown to be a point of minimum sensitivity [37℄ in a
whole lass of regulators. This supports our viewpoint that our regularization has the least
ontamination of unphysial thermal population of the Nielsen-Olesen mode.
We outline the resummation of η of Eq. (26) in App. B, yielding
η = ηA1 + η
A
2 + η
q, (28)
with gluoni parts ηA1 , η
A
2 and the quark ontribution to the gluon anomalous dimension
ηq.3 Finite integral representations of these funtions are given in Eqs. (B.17), (B.23), and
(B.24). For pure gluodynamis, ηA1 and η
A
2 arry the full information about the running
oupling.
In Fig. 1, we show the result for the anomalous dimension η as a funtion of G = αs
8pi
for N

= 3 and N
f
= 3 in d = 4 dimensions. For pure gluodynamis (i.e. N
f
= 0), we nd
an IR stable xed point for vanishing temperature,
α∗ = [α∗,8, α∗,3] ≈ [5.7, 9.7], (29)
3
The ontribution ηq should not be onfused with the quark anomalous dimension ηψ whih is zero in
our trunation.
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Figure 1: Anomalous dimension η as a funtion of G = αs
8pi
for 4d SU(N

= 3) theory with
N
f
= 3 massless quark avors at vanishing temperature. The gluoni parts ηA1 , η
A
2 and
the quark part ηq ontributing to the anomalous dimension η (thik blak line) are shown
separately. The gluoni parts ηA1 and η
A
2 agree with the results found in [13℄. The gure
shows the results from a alulation with a bakground eld pointing into the 8-diretion
in olor spae.
in agreement with the results found in [13℄. The (theoretial) unertainty is due to the
fat that we have used a simple approximation for the exat olor fators τAj and τ
ψ
j , see
App. C for details. This approximation introdues an artiial dependene on the olor
diretion of the bakground eld. The extremal ases of this dependene are given by the
3- and 8-diretion in the Cartan sub-algebra, the results of whih span the above interval
for the IR xed point. Even though this unertainty is quantitatively large in the pure-glue
ase, it has little eet on the quantitative results for full QCD, see below.
The inlusion of light quarks yields a lower value for the infrared xed point α∗, as an
be seen from Fig. 1. However, this lower xed point will only be attained if quarks stay
massless or light in the deep IR. If χSB ours, the quarks beome massive and deouple
from the ow, suh that the system is expeted to approah the pure-glue xed point. In
any ase, we an read o from Fig. 1 that, already in the symmetri regime, the inlusion
of quarks leads to a smaller oupling αs for sales k > kχSB, as ompared to the oupling
of a pure gluoni system.
3.2 Running-oupling results
For quantitative results on the running oupling, we onne ourselves to d = 4 dimensions
and to the gauge groups SU(2) and SU(3). Of ourse, results for arbitrary d > 2 and other
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Figure 2: Thermal moments as a funtion of
T
k
for the exponential regulator. The mo-
ments hAi as well as h
ψ
i are nite in the limit
T
k
→ 0. The gluoni thermal moments hAi
grow linearly for inreasing
T
k
due to the presene of a soft Matsubara mode, whereas the
fermioni thermal moments hψi are exponentially supressed for
T
k
→∞.
gauge groups an straightforwardly be obtained from our general expressions in App. B.
4
To this end, a quantitative evaluation of the oupling ow requires the speiation
of the regulator shape funtion r(y), f. Eq. (2). In order to make simple ontat with
measured values of the oupling, e.g., at the Z mass or the τ mass, it is advantageous to
hoose r(y) in orrespondene with a regularization sheme for whih the running of the
oupling is suiently lose to the standard MS running in the perturbative domain. Here,
it is important to note that already the two-loop βg2 oeient depends on the regulator,
owing to both the trunation as well as the mass-dependent regularization sheme. As
an example, we give the two-loop βg2 funtion alulated from Eq. (22) for QCD with N
olors and N
f
massless quark avors in d = 4 dimensions:
β(g2) = −
(
22
3
h¯A1
2
N

− 4
3
h¯ψ1
2
N
f
)
g4
(4π)2
−
(
77N2

h¯A1
2
− 14N

N
f
h¯ψ1
2
3
g¯A1
2
(30)
−
127τA2 h¯
A
5
2
+N
f
τψ2 h¯
ψ
5
2
45
(
3(N2

− 1)(h¯A− 3
2
− g¯A− 3
2
) + 2(H¯A0 − G¯A0 )
)) g6
(4π)4
+ . . .
The moments g¯
A/ψ
j ,h¯
A/ψ
j , G¯
A
j and H¯
A
j are dened in App. A. They speify the regulator
dependene of the loop terms and depend on
T
k
, as is visualized in Fig. 2. We observe that
even the one-loop oeient is regulator dependent at nite temperature, but universal
and exat at zero temperature, as it should. The latter holds, sine g¯
A/ψ
1
2
(T
k
= 0) = 1
and h¯
A/ψ
1
2
(T
k
= 0) = 1 for all admissible regulators. Using the exponential regulator, we
4
For instane, this oers a way to study nonperturbative renormalizability of QCD-like theories in extra
dimensions as initiated in [33℄ for pure gauge theories.
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nd h¯A− 3
2
(T
k
= 0) = 2ζ(3), g¯A− 3
2
(T
k
= 0) = 1, h¯
A/ψ
5
2
(T
k
= 0) = 1
6
, G¯A0 (
T
k
= 0) = 1
2
and
H¯A0 (
T
k
= 0) = ζ(3) for the moments at zero temperature. Using the olor fators τA2 and
τψ2 from App. C, we ompare our result to the perturbative two-loop result,
βpert.(g
2) = −
(
22
3
N

− 4
3
N
f
)
g4
(4π)2
−
(
68N3

+ 6N
f
− 26N2

N
f
3N

)
g6
(4π)4
+ . . . , (31)
and nd good agreement to within 99% for the two-loop oeient for SU(2) and 95%
for SU(3) pure gauge theory. Beside this ompatibility with the standard MS running the
exponential regulator is tehnially and numerially onvenient.
The perturbative quality of the regulator is mandatory for a reliable estimate of abso-
lute, i.e., dimensionful, sales of the nal results. The present hoie enables us to x the
running oupling to experimental input: as initial ondition, we use the measured value of
the oupling at the τ mass sale [38℄, αs = 0.322, whih by RG evolution agrees with the
world average of αs at the Z mass sale. We stress that no other parameter or sale is used
as an input.
The global behavior of the running oupling an be haraterized in simple terms.
Let us rst onentrate on pure gluodynamis, setting N
f
→ 0 for a moment. At zero
temperature, we redisover the results of [13℄, exhibiting a standard perturbative behavior
in the UV. In the IR, the oupling inreases and approahes a stable xed point g2∗ whih
is indued by a seond zero of the βg2 funtion, see Fig. 3. The appearane of an IR xed
point in Yang-Mills theories is a well-investigated phenomenon also in the Landau gauge
[39℄. Here, the IR xed point is a onsequene of a tight link between the fully dressed gluon
and ghost propagators at low momenta whih is visible in a vertex expansion [40℄. Most
interestingly, this behavior is in aordane with the Kugo-Ojima and Gribov-Zwanziger
onnement senarios [41℄. Even though the relation between the Landau-gauge and the
bakground-gauge IR xed point is not immediate, it is reassuring that the denition
of the running oupling in both frameworks rests on a nonrenormalization property that
arises from gauge invariane [42, 16℄. Within the present mass-dependent RG sheme, the
appearane of an IR xed point is moreover ompatible with the existene of a mass gap:
one the sale k has dropped below the lowest physial state in the spetrum, the running
of physially relevant ouplings should freeze out, sine no utuations are left to drive
any further RG ow. Finally, IR xed-point senarios have suessfully been applied also
in phenomenologial studies [43, 44, 45, 46, 47, 48℄.
At nite temperature, the small-oupling UV behavior remains unaeted for sales
k ≫ T and agrees with the zero-temperature perturbative running as expeted. Towards
lower sales, the oupling inreases until it develops a maximum near k ∼ T . Below,
the oupling dereases aording to a powerlaw g2 ∼ k/T , see Fig. 3. This behavior has a
simple explanation: the wavelength of utuations with momenta p2 < T 2 is larger than the
extent of the ompatied Eulidean time diretion. Hene, these modes beome eetively
3-dimensional and their limiting behavior is governed by the spatial 3d Yang-Mills theory.
As a nontrivial result, we observe the existene of a non-Gauÿian IR xed point also in
the redued 3d theory, see also Se. 3.3. By virtue of a straightforward mathing between
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Figure 3: Running SU(3) Yang-Mills oupling αYM(k, T ) as a funtion of k for T =
0, 100, 500MeV ompared to the one-loop running for vanishing temperature.
the 4d and 3d oupling, the observed powerlaw for the 4d oupling is a diret onsequene
of the strong-oupling 3d IR behavior, g2(k ≪ T ) ∼ g23d,∗ k/T . Again, the observation of
an IR xed point in the 3d theory agrees with reent results in the Landau gauge [49℄.
The 3d IR xed point and the perturbative UV behavior already qualitatively determine
the momentum asymptotis of the running oupling. Phenomenologially, the behavior of
the oupling in the transition region near its maximum value is most important, whih
is quantitatively provided by the full 4d nite-temperature ow equation. In addition to
the shift of the position of the maximum with temperature, we observe a derease of the
maximum itself for inreasing temperature. On average, the 4d oupling gets weaker for
higher temperature, in agreement with naive expetations. We emphasize, however, that
this behavior results from a nontrivial interplay of various nonperturbative ontributions.
Now, we turn to the eet of a nite number N
f
of massless quark avors. In Fig. 4, we
show the running oupling αs as a funtion of k for T = 100 MeV and forNf = 0, . . . , 10. At
high sales k ≫ T , the running of the oupling agrees with the zero-temperature running in
the presene of N
f
massless quark avors. Towards lower sales, the oupling inreases less
strongly than the oupling of the orresponding SU(3) Yang-Mills theory, due to fermioni
sreening. At a sale k ∼ T , the oupling reahes its maximum. Below this sale, the
quarks deouple from the ow, sine they only have hard Matsubara modes and, hene,
the oupling universally approahes the result for pure Yang-Mills theory. Furthermore,
we observe that, for an inreasing number of quark avors, the maximum of the oupling
beomes smaller and moves towards lower sales. Both eets are due to the fat that the
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Figure 4: Running SU(3) oupling αs(k, T ) as a funtion of k for T = 100MeV for dierent
number of quark avors N
f
= 0, 1, 2, . . . , 10 (from top to bottom). For k ≪ T , the oupling
shows universal behavior, owing to the attration of the pure-glue IR xed point.
anomalous dimension η beomes smaller for an inreasing number of quark avors.
Again, we stress that the results for the oupling with dynamial quarks have not yet
aounted for χSB, where the quarks beome massive and deouple from the ow. This
will be disussed in the following setions. For temperatures or avor numbers larger than
the orresponding ritial value for χSB, our results so far should be trustworthy on all
sales.
3.3 Dimensionally redued high-temperature limit
As disussed above, the running oupling for sales muh lower than the temperature,
k ≪ T , is governed by the IR xed point of the 3-dimensional theory. More quantitatively,
we observe that the ow of the oupling is ompletely determined by ηA1 for
T
k
≫ 1; the
quark ontributions deouple from the ow in this limit, sine they do not have a soft
Matsubara mode. Therefore, we nd an IR xed point at nite temperature for the 4d
theory at g2 = 0. In the limit T
k
≫ 1, the anomalous dimension Eq. (28) is given by
η(T ≫ k) ≈ ηA1 (T ≫ k) =: η∞1 (g2, Tk ) = γ¯3d
(
T
k
g2
) 5
4 , (32)
where γ¯3d is a number whih depends on N:
γ¯3d =
32ζ(5
2
)(1− 2√2)Γ(9
4
)Γ(5
4
+ z∞4 )
4
√
c∞1
(4π)4Γ(3
2
)Γ(z∞4 + 1)
N

. (33)
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We refer to App. B for the denition of the onstants z∞4 and c
∞
1 . In the high-temperature
limit, we an solve the dierential equation (14) for g2 analytially,
g2
∣∣∣
T
k
≫1
=: g2∞(
k
T
) =
1
(γ¯3d(
T
k
)
5
4 − const.) 45 ≈ γ¯
− 4
5
3d
k
T
+O(( k
T
)2). (34)
The RHS explains the shape of the running oupling for small k/T in Fig. 3. The fator
γ¯
− 4
5
3d is the xed point value of the dimensionless 3d oupling g
2
3d, as an be seen from its
relation to the dimensionless oupling g2 in four dimensions:
g23d :=
T
k
g2 → g2 = k
T
g23d . (35)
Comparing the right-hand side of Eq. (34) and (35), we nd that the xed point for N

= 3
in three dimensions is given by:
α3d∗ ≡
g23d,∗
4π
= [α3d∗,8, α
3d
∗,3] ≈ [2.70, 2.77] (36)
Again, the unertainty arises from our ignorane of the exat olor fators τAm, see App. B
and App. C.
On the other hand, the xed point of the 3d theory is determined by the zero of the
orresponding β funtion. In fat, η∞1 (g
2, T
k
) is idential to the 3d anomalous dimension
η3d(g
2
3d), as an be dedued from the pure 3d theory, and we obtain
∂t(
T
k
g2) ≡ ∂tg23d = (η3d(g23d)− 1)g23d, (37)
as suggested by Eq. (14). Sine η3d is a monotonously inreasing funtion, we nd a 3d IR
xed point for g23d,∗ = γ¯
− 4
5
3d whih oinides with the result above.
4 Chiral quark dynamis
Dynamial quarks inuene the QCD ow by two qualitatively dierent mehanisms. First,
quark utuations diretly modify the running oupling as already disussed above; the
nonperturbative ontribution in the form of ηq in Eq. (28) aounts for the sreening nature
of fermioni utuations, generalizing the tendeny that is already visible in perturbation
theory. Seond, gluon exhange between quarks indues quark self-interations whih an
beome relevant in the strongly oupled IR. Both the quark and the gluon setor feed
bak onto eah other in an involved nonlinear fashion. In general, these nonlinearities have
to be taken into aount and are provided by the ow equation. However, we will argue
that some intriate nonlinearities drop out or are negligible for loating the hiral phase
boundary in a rst approximation.
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Working solely in d = 4 from here on, let us now speify the last part of our trunation:
the eetive ation of quark self-interations Γq-intk [ψ¯, ψ], introdued in Eq. (17). In a
onsistent and systemati operator expansion, the lowest nontrivial order is given by [52℄
Γk =
∫
x
1
2
[
λ¯−(VA) + λ¯+(V+A) + λ¯σ(SP) + λ¯VA[2(VA)
adj+ (1/N

)(VA)]
]
. (38)
The four-fermion interations ourring here have been lassied aording to their olor
and avor struture. Color and avor singlets are
(VA) = (ψ¯γµψ)
2 + (ψ¯γµγ5ψ)
2, (39)
(V+A) = (ψ¯γµψ)
2 − (ψ¯γµγ5ψ)2, (40)
where (fundamental) olor (i, j, . . . ) and avor (χ, ξ, . . . ) indies are ontrated pairwise,
e.g., (ψ¯ψ) ≡ (ψ¯χi ψχi ). The remaining operators have non-singlet olor or avor struture,
(SP) = (ψ¯χψξ)2 − (ψ¯χγ5ψξ)2 ≡ (ψ¯χi ψξi )2 − (ψ¯χi γ5ψξi )2,
(VA)adj = (ψ¯γµT
aψ)2 + (ψ¯γµγ5T
aψ)2, (41)
where (ψ¯χψξ)2 ≡ ψ¯χψξψ¯ξψχ, et., and (T a)ij denotes the generators of the gauge group
in the fundamental representation. The set of fermioni self-interations introdued in
Eq. (38) forms a omplete basis. Any other pointlike four-fermion interation whih is
invariant under SU(N

) gauge symmetry and SU(N
f
)
L
× SU(N
f
)
R
avor symmetry is re-
duible by means of Fierz transformations. U
A
(1)-violating interations are negleted,
sine we expet them to beome relevant only inside the χSB regime or for small N
f
; sine
the lowest-order U
A
(1)-violating term shematially is ∼ (ψ¯ψ)Nf, larger N
f
orrespond to
larger RG irrelevane by naive power-ounting. For N
f
= 1, suh a term is, of ourse, im-
portant, sine it provides for a diret fermion mass term; in this ase, the hiral transition
is expeted to be a rossover. Dropping the U
A
(1)-violating interations, we thus onne
ourselves to N
f
≥ 2.
We emphasize that the λ¯'s are not onsidered as independent external parameters as,
e.g., in the NambuJona-Lasinio model. More preisely, we impose the boundary ondition
λ¯i → 0 for k → Λ → ∞ whih guarantees that the λ¯'s at k < Λ are solely generated by
quark-gluon dynamis, e.g., by 1PI box diagrams with 2-gluon exhange.
As a severe approximation, we drop any nontrivial momentum dependenies of the
λ¯'s and study these ouplings in the point-like limit λ¯(|pi| ≪ k). This inhibits a study
of QCD properties in the hirally broken regime, sine mesons, for instane, manifest
themselves as momentum singularities in the λ¯'s. Nevertheless, the point-like trunation
an be a reasonable approximation in the hirally symmetri regime; this has reently been
quantitatively onrmed for the zero-temperature hiral phase transition in many-avor
QCD [50℄, where the regulator independene of universal quantities has been shown to
hold remarkably well even in this restritive trunation. By adopting the same system at
nite T , we base our trunation on the assumption that quark dynamis both near the
nite-T phase boundary as well as near the many-avor phase boundary [51℄ is driven by
qualitatively similar mehanisms.
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The resulting ow equations for the λ¯'s are a straightforward generalization of those
derived and analyzed in [52, 50℄ to the ase of nite temperature. Introduing the dimen-
sionless renormalized ouplings
λi = k
2λ¯i, (42)
(reall that Zψ = 1 in our trunation), the ows of the quark interations read
∂tλ− = 2λ−− 4v4l(FB)1,1
[
3
N

g2λ− − 3g2λVA
]
− 1
8
v4l
(FB)
1,2
[
12 + 9N2

N2

g4
]
(43)
−8v4l(F)1
{
−N
f
N

(λ2− + λ
2
+) + λ
2
− − 2(N +Nf)λ−λVA +Nfλ+λσ + 2λ2VA
}
,
∂tλ+ = 2λ+− 4v4l(FB)1,1
[
− 3
N

g2λ+
]
− 1
8
v4l
(FB)
1,2
[
−12 + 3N
2

N2

g4
]
(44)
−8v4l(F)1
{
− 3λ2+ − 2NNfλ−λ+ − 2λ+(λ− + (N +Nf)λVA) +Nfλ−λσ
+λ
VA
λσ + 14λσ
2
}
,
∂tλσ = 2λσ− 4v4l(FB)1,1
[
6C2(N) g
2λσ − 6g2λ+
]− 1
4
v4l
(FB)
1,2
[
− 24− 9N
2

N

g4
]
(45)
−8v4l(F)1
{
2N

λ2σ−2λ−λσ− 2NfλσλVA−6λ+λσ
}
,
∂tλVA = 2λVA− 4v4l(FB)1,1
[
3
N

g2λ
VA
− 3g2λ−
]
− 1
8
v4l
(FB)
1,2
[
−24− 3N
2

N

g4
]
(46)
−8v4l(F)1
{
−(N

+N
f
)λ2
VA
+ 4λ−λVA− 14Nfλ2σ
}
.
Here, C2(N) = (N
2

−1)/(2N

) is a Casimir operator of the gauge group, and v4 = 1/(32π
2).
For better readability, we have written all gauge-oupling-dependent terms in square brak-
ets, whereas fermioni self-interations are grouped inside braes. The threshold funtions
l
(F)
1 , l
(FB)
1,2 , l
(FB)
1,1 depend on the details of the regularization, see App. A; for zero quark mass
and vanishing temperature, these funtions redue to simple positive numbers, see, e.g.,
Eqs. (A.26) and (A.29).
5
For quark masses and temperature beoming larger than the
regulator sale k, these funtions approah zero, whih reets the deoupling of massive
modes from the ow.
Within this set of degrees of freedom, a simple piture for the hiral dynamis arises: for
vanishing gauge oupling, the ow is solved by vanishing λi's, whih denes the Gauÿian
xed point. This xed point is IR attrative, implying that these self-interations are RG
irrelevant for suiently small bare ouplings, as they should. At weak gauge oupling, the
RG ow generates quark self-interations of order λ ∼ g4, as expeted for a perturbative
1PI sattering amplitude. The bak-reation of these self-interations on the total RG
ow is negligible at weak oupling. If the gauge oupling in the IR remains smaller than
5
Here, we ignore a weak dependene of the threshold funtions on the anomalous quark and gluon
dimensions whih were shown to inuene the quantitative results for the present system only on the
perent level, if at all [50℄.
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λi
∂tλi g = 0
g & 0
g > g
r
T > 0, g = 0
Figure 5: Sketh of a typial β funtion for the fermioni self-interations λi: at zero gauge
oupling, g = 0 (upper solid urve), the Gauÿian xed point λi = 0 is IR attrative. For
small g & 0 (middle/blue solid urve), the xed-point positions are shifted on the order
of g4. For gauge ouplings larger than the ritial oupling g > g
r
(lower/green solid
urve), no xed points remain and the self-interations quikly grow large, signaling χSB.
For inreasing temperature, the parabolas beome broader and higher, owing to thermal
fermion masses; this is indiated by the dashed/red line.
a ritial value g < g
r
, the self-interations remain bounded, approahing xed points
in the IR. These xed points an simply be viewed as order-g4 shifted versions of the
Gauÿian xed point, being modied by the gauge dynamis. At these xed points, the
fermioni subsystem remains in the hirally invariant phase whih is indeed realized at high
temperature.
If the gauge oupling inreases beyond the ritial oupling g > g
r
, the above-mentioned
IR xed points are destabilized and the quark self-interations beome ritial. This an
be visualized by the fat that ∂tλi as a funtion of λi is an everted parabola, see Fig. 5;
for g = g
r
, the parabola is pushed below the λi axis, suh that the (shifted) Gauÿian xed
point annihilates with the seond zero of the parabola. In this ase, the gauge-utuation-
indued λ¯'s have beome strong enough to ontribute as relevant operators to the RG ow.
These ouplings now inrease rapidly, approahing a divergene at a nite sale k = kχSB.
In fat, this seeming Landau-pole behavior indiates χSB and, more speially, the for-
mation of hiral ondensates. This is beause the λ¯'s are proportional to the inverse mass
parameter of a Ginzburg-Landau eetive potential for the order parameter in a (partially)
bosonized formulation, λ¯ ∼ 1/m2. Thus, the sale at whih the self-interations formally
diverge in our trunation is a good measure for the sale kχSB where the eetive potential
for the hiral order parameter beomes at and is about to develop a nonzero vauum
expetation value.
Whether or not hiral symmetry is preserved by the ground state therefore depends on
the oupling strength of the system, more speially, the value of the gauge oupling g
relative to the ritial oupling g
r
whih is required to trigger χSB. Inidentally, the ritial
oupling g
r
itself an be determined by algebraially solving the xed-point equations
∂tλi(λ∗) = 0 for that value of the oupling, g = gr, where the shifted Gauÿian xed point
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is annihilated. For instane, at zero temperature, the SU(3) ritial oupling for the quarks
system is α
r
≡ g2
r
/(4π) ≃ 0.8 [53℄, being only weakly dependent on the number of avors
[50℄.
6
Sine the IR xed point for the gauge oupling is muh larger α∗ > αr (for not too
many massless avors), the QCD vauum is haraterized by χSB. The same qualitative
observations have already been made in [54℄ in a similar though smaller trunation. The
existene of suh a ritial oupling also is a well-studied phenomenon in Dyson-Shwinger
equations [55℄.
As soon as the the quark setor approahes ritiality, also its bak-reation onto the
gluon setor beomes sizable. Here, a subtlety of the present formalism beomes impor-
tant: identifying the utuation eld with the bakground eld under the ow, our approx-
imation generally does not distinguish between the ow of the bakground-eld oupling
and that of the utuation-eld oupling. In our trunation, dierenes arise from the
quark self-interations. Whereas the running of the bakground-eld oupling is always
given by Eq. (14), the quark self-interations an ontribute diretly to the running of the
utuation-eld oupling in the form of a vertex orretion to the quark-gluon vertex.
Sine the utuation-eld oupling is responsible for induing quark self-interations, this
dierene may beome important. In [52℄, the relevant terms have been derived with the
aid of a regulator-dependent Ward-Takahashi identity. The result hene implements an
important gauge onstraint, leading us to
∂tg
2 = η g2 − 4v4l(F)1
g2
1− 2v4l(F)1
∑
ciλi
∂t
∑
ciλi, (47)
cσ = 1 +Nf, c+ = 0, c− = −2, cVA = −2Nf,
with η provided by Eq. (28) in our approximation. In priniple, the approah to χSB an
now be studied by solving the oupled system of Eqs. (47), and (43)-(46). However, a
simpler and, for our purposes, suient estimate is provided by the following argument:
if the system ends up in the hirally symmetri phase, the λi's always stay lose to the
shifted Gauÿian xed point disussed above; apart from a slight variation of this xed-
point position with inreasing g2, the ∂tλi ow is small and vanishes in the IR, ∂tλi → 0.
Therefore, the additional terms in Eq. (47) are negligible for all k and drop out in the
IR. As a result, the behavior of the running oupling in the hirally symmetri phase is
basially determined by η alone, as disussed in the preeding setion. In other words,
the dierene between the utuation-eld oupling and the bakground-eld oupling
automatially swithes o in the deep IR in the symmetri phase in our trunation.
Therefore, if the oupling as predited by βg2 ≃ ηg2 alone never inreases beyond the
ritial value g2
r
for any k, the system is in the hirally symmetri phase. In this ase, it
sues to solve the g2 ow and ompare it with g2
r
whih an be dedued from a purely
algebrai solution of the xed-point equations, ∂tλi(λ∗) = 0.
6
Of ourse, the ritial oupling is a non-universal value depending on the regularization sheme; the
value given here for illustration holds for a lass of regulators in the funtional RG sheme that inludes
the most widely used linear (optimized) and exponential regulators.
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If the oupling as predited by βg2 ≃ ηg2 alone approahes gr for some nite sale kr,
the quark setor beomes ritial and all ouplings start to ow rapidly. To the present
level of auray, this serves as an indiation for χSB. Of ourse, if the gauge oupling
dropped quikly for dereasing k, the quark setor ould, in priniple, beome subritial
again. However, this might happen only for a marginal range of g2 ≃ g2
r
if at all. For even
larger gauge oupling, the ow towards χSB is unavoidable.
Inside the χSB regime, also the indued quark masses bak-reat onto the gluoni ow
in the form of a deoupling of the quark utuations, i.e., ηq in Eq. (28) approahes zero.
However, the present trunation does not allow to explore the properties of the χSB setor;
for this, the introdution of eetive mesoni degrees of freedom along the lines of [53, 56℄
is most useful and will be employed in future work.
5 Chiral phase transition
Let us now disuss our results for the hiral phase transition in the framework presented
so far. As eluidated in the previous setion, the breaking of hiral-symmetry is triggered
if the gauge oupling g2 inreases beyond g2
r
, signaling ritiality of the quark setor. We
study the dependene of the hiral symmetry status on two parameters: temperature T
and number of (massless) avors N
f
. As already disussed in Set. 3, the inrease of the
running oupling in the IR is weakened on average for both larger T and larger N
f
. In
addition, also g
r
depends on T and N
f
, even though the N
f
dependene is rather weak.
The T dependene of g
r
has a physial interpretation: at nite T , all quark modes
aquire thermal masses whih leads to a quark deoupling for k . T . Hene, stronger in-
terations are required to exite ritial quark dynamis. Tehnially, this T/k dependene
is a diret onsequene of the T/k dependene of the threshold funtions l
(F)
1 , l
(FB)
1,2 , l
(FB)
1,1 in
Eqs. (43) - (46), see App. A for their denition. Sine the threshold funtions derease
with inreasing temperature, the λi parabolas visualized in Fig. 5 beome broader with
a higher maximum; hene, the annihilation of the Gauÿian xed point by pushing the
parabola below the λi axis requires a larger gr.
At zero temperature and for small N
f
, the IR xed point of the running oupling is
far larger than g2
r
, hene the QCD vauum is in the χSB phase. For inreasing T , the
temperature dependene of the oupling and that of g2
r
ompete with eah other. This is
illustrated in Fig. 6 where we show the running oupling αs ≡ g24pi and its ritial value
αcr ≡ g
2
cr
4pi
for T = 130MeV and T = 220MeV as a funtion of the regulator sale k. The
intersetion point k
r
between both marks the sale where the quark dynamis beomes
ritial. Below the sale k
r
, the system runs quikly into the χSB regime. We estimate the
ritial temperature T
r
as the lowest temperature for whih no intersetion point between
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Figure 6: Running QCD oupling αs(k, T ) for Nf = 3 massless quark avors and N =
3 olors and the ritial value of the running oupling αcr(k, T ) as a funtion of k for
T = 130MeV (left panel) and T = 220MeV (right panel). The existene of the (αs, αcr)
intersetion point in the left panel indiates that the χSB quark dynamis an beome
ritial for T = 130MeV.
αs and αcr ours.
7
We nd
Tcr ≈ 186± 33MeV for Nf = 2,
Tcr ≈ 161± 31MeV for Nf = 3, (48)
for massless quark avors in good agreement with lattie simulations [57℄. The errors
arise from the experimental unertainties on αs [38℄. The theoretial error owing to the
olor-fator unertainty turns out to be subdominant by far, see Fig. 7. Dimensionless
observable ratios are less ontaminated by this unertainty of α
s
. For instane, the relative
dierene for T
r
for N
f
= 2 and 3 avors is
∆ :=
TNf=2
r
− TNf=3
r
(TNf=2
r
+ TNf=3
r
)/2
= 0.144
+0.018
−0.013, (49)
in reasonable agreement with the lattie value of ∼ 0.12 [57℄.8
For the ase of many massless quark avors N
f
, the ritial temperature is plotted in
Fig. 7. We observe an almost linear derease of the ritial temperature for inreasing N
f
with a slope of ∆Tcr = T (Nf)−T (Nf+1) ≈ 25MeV. In addition, we nd a ritial number
of quark avors, N cr
f
≃ 12.9, above whih no hiral phase transition ours. This result
7
Stritly speaking, this simplied analysis yields a suient but not a neessary riterion for hiral-
symmetry restoration. In this sense, our estimate for T
r
is an upper bound for the true T
r
. Small
orretions to this estimate ould arise, if the quark dynamis beomes unritial again by a strong derease
of the gauge oupling towards the IR, as disussed in the preeding setion.
8
Even this omparison is potentially ontaminated by xing the two theories with dierent avor ontent
in dierent ways. Whereas lattie simulations generially keep the string tension xed, we determine all
sales by xing α at the τ mass sale, f. the disussion below.
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Figure 7: Chiral-phase-transition temperature T
r
versus the number of massless quark
avors N
f
for N
f
≥ 2. The attening at N
f
& 10 is a onsequene of the IR xed-point
struture. The dotted line depits the analyti estimate near N r
f
whih follows from the
xed-point senario (f. Eq. (55) below). Squares and triangles orrespond to alulations
with a bakground eld in the 8- and 3-diretion of the Cartan, respetively. The theoretial
unertainty whih is given by the dierene between both is obviously negligible in full
QCD.
for N cr
f
agrees with other studies based on the 2-loop β funtion [51℄. However, the preise
value of N cr
f
has to be taken with are: for instane, in a perturbative framework, N cr
f
is sensitive to the 3-loop oeient whih an bring N r
f
down to N r
f
≃ 10 [50℄. In our
nonperturbative approah, the trunation error an indue similar unertainties; in fat,
it is reassuring that our predition for N r
f
lies in the same ball park as the perturbative
estimates, even though the details of the orresponding βg2 are very dierent. This suggests
that our trunation error for N r
f
is also of order O(1). We expet that a more reliable
estimate an be obtained even within our trunation by a regulator [58, 15℄.
A remarkable feature of the T,N
f
phase diagram of Fig. 7 is the shape of the phase
boundary, in partiular, the attening near N r
f
. In fat, this shape an be understood
analytially, revealing a diret onnetion between two universal quantities: the phase
boundary and the IR ritial exponent of the running oupling.
Before we outline the argument in detail, let us start with an important aveat: vary-
ing N
f
unlike varying T orresponds to an unphysial deformation of a physial system.
Whereas the deformation itself is, of ourse, unambiguously dened, the omparison of
the physial theory with the deformed theory (or between two deformed theories) is not
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unique. A meaningful omparison requires to identify one parameter or one sale in both
theories. In our ase, we always keep the running oupling at the τ mass sale xed to
α(mτ ) = 0.322. Obviously, the ouplings in the two theories are dierent on all other
sales, as are generally all dimensionful quantities suh as Λ
QCD
. There is, of ourse, no
generi hoie for xing the orresponding theories relative to eah other. Nevertheless, we
believe that our hoie is partiularly useful, sine the τ mass sale is lose to the transition
between perturbative and nonperturbative regimes. In this sense, a meaningful omparison
between the theories an be made in both regimes, without being too muh aited by
the hoie of the xing ondition.
Let us now study the shape of the phase boundary for small N
f
. One the oupling is
xed to α(mτ ) = 0.322, no free parameter is left. As a rude approximation, the mass sale
of all dimensionful IR observables suh as the ritial temperature T
r
is set by the sale k
o
where the running gauge oupling undergoes the rossover from small to nonperturbatively
large ouplings (for instane, one an dene the rossover sale k
o
from the inetion point
of the running oupling in Fig. 3). As an even ruder estimate, let us approximate k
o
by
the position of the Landau pole of the perturbative one-loop running oupling.
9
The latter
an be derived from the one-loop relation
1
α(k)
=
1
α(mτ )
+ 4πb0 ln
k
mτ
, b0 =
1
8π2
(
11
3
N

− 2
3
N
f
)
. (50)
Dening k
o
by the Landau-pole sale, 1/α(k
o
) = 0, and estimating the order of the ritial
temperature by T
r
∼ k
o
, we obtain
T
r
∼ mτ e−
1
4pib0α(mτ ) ≃ mτ e−
6pi
11N

α(mτ )
(
1− ǫN
f
+O((ǫN
f
)2)
)
, (51)
where ǫ = 12pi
121N2

α(mτ )
≃ 0.107 for N

= 3. This simple estimate hene predits a linear
derease of the phase boundary T
r
(N
f
) for small N
f
, as is onrmed by the full solution
plotted in Fig. 7. Atually, this estimate is also quantitatively aurate, sine it predits
a relative dierene for T
r
for N
f
=2 and 3 avors of ∆ ≃ 0.146 whih is in very good
agreement with the full result, given in Eq. (49). We onlude that the shape of the phase
boundary for small N
f
is basially dominated by fermioni sreening.
For larger N
f
, the above estimate an no longer be used, beause neither one-loop
perturbation theory nor the N
f
expansion are justied. For values of N
f
lose to the
ritial value N r
f
, a dierent analyti argument an be made: here the running oupling
has to ome lose to its maximal value in order to be strong enough to trigger χSB. The
maximal value is, of ourse, lose to the IR xed point value α∗ attained for T = 0. Even
though at nite T the oupling is eventually governed by the 3d xed point implying a
linear derease with k, the χSB properties will still be ditated by the maximum oupling
value, whih roughly orresponds to the T = 0 xed point. In the xed-point regime, we
an approximate the βg2 funtion by a linear expansion about the xed-point value,
βg2 ≡ ∂tg2 = −Θ (g2 − g2∗) +O((g2 − g2∗)2), (52)
9
Atually, this is a reasonable estimate, sine the N
f
dependene of k
o
, whih is all that matters in the
following, is lose to the perturbative behavior.
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N
f
0 4 5 6 7 8 9 10 11 12 13
−Θ 6.39 5.50 4.99 4.41 3.82 3.19 2.58 1.97 1.42 0.95 0.57
Table 1: The "ritial exponent" Θ for dierent values of N
f
for T = 0.
where the universal ritial exponent Θ denotes the (negative) rst expansion oeient.
We know that Θ < 0, sine the xed point is IR attrative. For vanishing temperature, we
nd an approximate linear dependene of Θ on N
f
, f. Tab. 1.
The solution of Eq. (52) for the running oupling in the xed-point regime reads
g2(k) = g2∗ −
(
k
k0
)−Θ
, (53)
where the sale k0 is impliitly dened by a suitable initial ondition (to be set in the xed-
point regime) and is kept xed in the following. It provides for all dimensionful sales in
the following and is related to the initial τ mass sale by RG evolution. Our riterion for
χSB to our is that g2(k) should exeed g2
r
for some value of k = k
r
. We expet that
this sale k
r
is generially somewhat larger than the temperature, sine for k smaller than
T the oupling dereases again owing to the 3d xed point.10 This allows us to ignore
the T dependene of the running oupling g2 and of the ritial oupling g
r
as a rough
approximation, sine the T dependene of the threshold funtions is rather weak for T . k.
From Eq. (53) and the ondition g2(k
r
) = g2
r
, we derive the estimate
k
r
≃ k0 (g2∗ − g2r)−
1
Θ . (54)
This sale k
r
plays the same role as the rossover sale k
o
in the small-N
f
argument given
above: it sets the sale for T
r
∼ k
r
, with a proportionality oeient provided by the
solution of the full ow. To onlude the argument, we note that the IR xed-point value
g2∗ roughly depends linearly on Nf, sine the quark ontribution to the oupling ow η
q
is
linear in N
f
. From Eq. (54), we thus nd the relation
T
r
∼ k0|Nf −N r
f
|− 1Θ , (55)
whih is expeted to hold near N r
f
for N
f
≤ N r
f
. Here, Θ should be evaluated at N r
f
.
11
Relation (55) is an analyti predition for the shape of the hiral phase boundary in the
(T,N
f
) plane of QCD. Remarkably, it relates two universal quantities with eah other: the
phase boundary and the IR ritial exponent.
This relation an be heked with a t of the full numerial result parametrized by the
RHS of Eq. (55). In fat, the t result, Θfit ≃ −0.60, determined from the phase boundary
10
Indeed, this assumption is justied, sine we nd in the full alulation that k
r
≫ T for large N
f
and
for temperatures in the viinity of the ritial temperature T
r
.
11
Aounting for the N
f
dependene of Θ by an expansion aroundN r
f
yields mild logarithmi orretions
to Eq. (55).
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agrees with the diret determination of the ritial exponent from the zero-temperature β
funtion, Θ(N r
f
≃ 12.9) ≃ −0.60, within a one-perent auray (f. Table 1). The t is
depited by the dashed line in Fig. 7. In partiular, the fat that |Θ| < 1 near N r
f
explains
the attening of the phase boundary near the ritial avor number.
Qualitatively, relation (55) is a onsequene of the IR xed-point senario predited
by our trunated ow equation. We emphasize, however, that the quantitative results for
universal quantities suh as Θ are likely to be aeted by trunation errors. These an
be redued by an optimization of the present ow; we expet from preliminary regulator
studies that more reliable estimates of Θ yield smaller absolute values and, thus, a more
pronouned attening of the phase boundary.
We are aware of the fat that the relation (55) is diult to test, for instane, by lattie
gauge theory: neither the xed-point senario in the deep IR nor large avor numbers
are easily aessible, even though there are promising investigations that have olleted
evidene for the IR xed-point senario in the Landau gauge [59, 60℄ (see also [61, 62, 63℄)
as well as the existene of a ritial avor number [64℄. Given the oneptual simpliity
of the xed-point senario in ombination with χSB, further lattie studies are ertainly
worthwhile.
6 Conlusions and outlook
We have obtained new nonperturbative results for the hiral phase boundary of QCD in
the plane spanned by temperature and quark avor number. Our work is based on the
funtional RG whih provides for a funtional dierential formulation of QCD in terms of
a ow equation for the eetive ation. We have studied this eetive ation from rst
priniples in a systemati and onsistent operator expansion whih is partly reminisent to
a gradient expansion. We onsider the trunated expansion as a minimal approximation of
the eetive ation that is apable to aess the nonperturbative IR domain and address
the phenomenon of hiral symmetry breaking.
In the gluon setor, this trunation provides for a stable ow of the gauge oupling,
running into a xed point in the IR at zero temperature in agreement with the results of
[13℄ for the pure glue setor. As a new result, we nd that the 3d analogue of this IR
xed point governs the ow of the gauge oupling at nite temperature for sales k ≪ T .
Our trunation in the quark setor failitates a desription of ritial dynamis with a
gluon-driven approah to χSB. The resulting piture for χSB is omparatively simple:
χSB requires the oupling to exeed a ritial value g
r
. Whether or not this ritial
oupling is reahed depends on the RG ow of the gauge oupling. The IR xed-point
senario generially puts an upper bound on the maximal oupling value whih depends
on the external parameters suh as temperature and quark avor number. Of ourse, the
interplay between the gluon and quark setors in general, and between gauge oupling and
ritial oupling in partiular, is highly nonlinear, sine both setors bak-reat onto eah
other in a manner whih is quantitatively aptured by the ow equation.
The resulting phase boundary in the (T,N
f
) plane exhibits a harateristi shape whih
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an analytially be understood in terms of simple physial mehanisms: for small N
f
,
we observe a linear derease of T
r
as a funtion of N
f
; this is a diret onsequene of
the harge-sreening properties of light fermions. Also, this sreening nature is ultimately
responsible for the existene of a ritial avor number N r
f
above whih the system remains
in the hirally symmetri phase even at zero temperature (even though the theory is still
asymptotially free for N
f
not too muh larger than N r
f
). The shape of the phase boundary
near the ritial avor number, N
f
. N r
f
, is most interesting from our viewpoint. In this
region, the ritial temperature is very small, and thus the system is probed in the deep
IR. As a main result of this paper, we have shown that this onnetion beomes most
obvious in an intriguing relation between the shape of the phase boundary for N
f
. N r
f
and the IR ritial exponent Θ of the running oupling at zero temperature. In partiular,
the attening of the phase boundary in this regime is a diret onsequene of |Θ| being
smaller than 1. Sine both the shape of the phase boundary and the ritial exponent are
universal quantities, their relation is a generi predition of our analysis. It an diretly be
tested by other nonperturbative methods, even though it may numerially be expensive,
e.g., in lattie simulations.
Let us now ritially assess the reliability of our results. Trunating the eetive ation,
at rst sight, is an unontrolled approximation whih an a priori be justied only with
some insight into the physial mehanisms. The trunation in the quark setor support-
ing potential ritial dynamis is an obvious example for this. The approximation an
beome (more) ontrolled if the inlusion of higher-order operators does not lead to seri-
ous modiations of the results. In the quark setor, it an indeed easily be veried that
the ontribution of many higher-order operators suh as (ψ¯ψ)4 or mixed gluoni-fermioni
operators is generially suppressed by the one-loop struture of the ow equation or the
xed-point argument given below Eq. (47). This holds at least in the symmetri regime,
whih is suient to trae out the phase boundary. By ontrast, we are not aware of similar
arguments for the gluoni setor; here, higher-order expansions involving, e.g., (FµνF˜
µν)2
or operators with ovariant derivatives or ghost elds eventually have to be used to verify
the expansion sheme. At nite temperature, the dierene between so-alled eletri and
magneti setors an beome important, as mediated by operators involving the heat-bath
four-veloity uµ, e.g., (Fµνuν)
2
. In view of results obtained in the Landau gauge [39℄, the
inlusion of ghost ontributions in the gauge setor appears important if not mandatory for
a desription of olor onnement. A posteriori, the trunation an be veried by a diret
omparison with lattie results. In the present ase, this ross-hek shows satisfatory
agreement.
The stability of the present results an also be studied by varying the regulator. Sine
universal quantities are independent of the regulator in the exat theory, any suh regulator
dependene of the trunated system is a measure for the reliability of the trunation. As
was already quantitatively veried at vanishing temperature in [50℄, the present quark
setor shows surprisingly little dependene on the regulator whih strongly supports the
trunation. By ontrast, we do not expet suh a regulator independene to hold in the
trunated gluoni setor. If so, it is advisable to improve results for universal quantities
towards their physial values. This an indeed be done by using stability riteria for the
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ow equation whih have lead to optimization shemes [58, 15, 65℄. We expet that the use
of suh optimized regulators give better results for dimensionless quantities, e.g. Eq. (49)
or the IR ritial exponent Θ. In any ase, we have onrmed that, for instane, the linear
regulator [58℄, whih satises optimization riteria in various systems, leads to the same
qualitative results as presented above. Further regulator studies are left to future work.
Further generalizations of our work will aim at a quantitative study of the eet of nite
quark masses; the formalism of whih has largely been developed already in this work.
Owing to the mehanism of fermioni deoupling, we expet that the largest modiations
arise from a realisti strange quark mass whih is of the order of the harateristi sales
suh as T
r
or the sale of χSB.
Let us nally stress that our whole quantitative analysis relies on only one physial
input parameter, namely the value of the gauge oupling at a physial input sale. This
learly demonstrates the preditive power of the funtional RG approah for full QCD, and
serves as a promising starting point for further phenomenologial appliations.
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A Thermal moments and threshold funtions
A.1 Thermal moments
Let us rst dene the auxiliary funtions f whih are rst introdued in Eq. (22):
fAT (u, v) = 2
√
4πv
∞∑
q=−∞
∫ ∞
0
dx e−(2pivx)
2u cos(2πqx) , (A.1)
fψT (u, v) = 2
√
4πv
∞∑
q=−∞
(−1)q
∫ ∞
0
dx e−(2pivx)
2u cos(2πqx) , (A.2)
fψ(u) =
1
2
1
ued
u coth(u), (A.3)
fA1 (u) =
1
ued
(
ed
u
sinh u
+ 2u sinhu
)
, (A.4)
fA2 (u) =
1
2
1
ued
u
sinh u
, (A.5)
fA3 (u) =
1
ued
(1− v) , (A.6)
fA4 (u, v) = 2
√
4πv
∞∑
q=−∞
∫ ∞
0
dx(2πvx)d−1Γ
(−ed, (2πvx)2u) cos(2πqx). (A.7)
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Here, the sum over q arises from the appliation of Poisson's Formula to the (usual) Mat-
subara sum. These funtions are needed for the onstrution of the thermal moments h¯ψj
h¯Aj , g¯
A
j , H¯
A
j and G¯
A
j whih are related to the regulator via Eqs. (6), (7) and (12),(13) by
h¯ψj := h¯
ψ
j
(
m˜, v
)
=
∫ ∞
0
ds h˜ψ(s, m˜)sjfψT
(
s, v
)
, (A.8)
h¯Aj := h¯
A
j
(
v
)
=
∫ ∞
0
ds h˜(s)sjfAT
(
s, v
)
, (A.9)
g¯Aj := g¯
A
j
(
v
)
=
∫ ∞
0
ds g˜(s)sjfAT
(
s, v
)
, (A.10)
H¯Aj := H¯
A
j
(
v
)
=
∫ ∞
0
ds h˜(s)sjfA4
(
s, v
)
, (A.11)
G¯Aj := G¯
A
j
(
v
)
=
∫ ∞
0
ds g˜(s)sjfA4
(
s, v
)
, (A.12)
where m˜ denotes a dimensionless quark mass parameter. It is more onvenient to express
the moments in terms of the regulator funtions h(y) and g(y) in momentum spae whih
are dened in Eqs. (6) and (7). In order to obtain the representations for h¯j and g¯j, we
introdue
sb+1
Γ(b+ 1)
∫ ∞
0
du ube−su = 1 (b > −1) (A.13)
in Eq. (A.9), (A.10) and (A.8) and use Eq. (A.1) and (A.2), respetively:
h¯ψj =
2
Γ(b+ 1)
√
π
∞∑
q=−∞
(−1)q
∫ ∞
0
dx cos
(
q
x
v
) (
− d
dy
)j+b+1 ∫ ∞
0
du ubhψ(y + u+ x2, m˜)
∣∣∣∣
y=0
,
(A.14)
h¯Aj =
2
Γ(b+ 1)
√
π
∞∑
q=−∞
∫ ∞
0
dx cos
(
q
x
v
) (
− d
dy
)j+b+1 ∫ ∞
0
du ubh(y + u+ x2)
∣∣∣∣
y=0
,
(A.15)
g¯Aj =
2
Γ(b+ 1)
√
π
∞∑
q=−∞
∫ ∞
0
dx cos
(
q
x
v
) (
− d
dy
)j+b+1 ∫ ∞
0
du ubg(y + u+ x2)
∣∣∣∣
y=0
. (A.16)
Note that b is an arbritrary parameter whih an, e.g., be used to avoid frational deriva-
tives. By applying Poisson's formula to the (usual) Matsubara sum, we have obtained the
sum over q whih onverges fast for k & T . Moreover, we need H¯Aj and G¯
A
j for j = 0, whih
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are used in App. B. Integrating Eq. (A.11) and (A.12) by parts and using Eq. (A.13) and
(A.7), we obtain
H¯A0 =
2
Γ(b+ 1)
√
π
∞∑
q=−∞
∫ ∞
0
dx cos
(
q
x
v
) (
− d
dy
)b−ed ∫ ∞
0
du
ub
u+ x2
h(y + u+ x2)
∣∣∣∣
y=0
,
(A.17)
G¯A0 =
2
Γ(b+ 1)
√
π
∞∑
q=−∞
∫ ∞
0
dx cos
(
q
x
v
) (
− d
dy
)b−ed ∫ ∞
0
du
ub
u+ x2
g(y + u+ x2)
∣∣∣∣
y=0
.
(A.18)
In this paper, we use the exponential regulator. For the gluon and ghost elds, this
regulator is given by
Rk(∆) = ∆ r
(
∆
k2
)
with r(y) =

ey −  , (A.19)
and the funtions h(y) and g(y) read [13℄
h(y) =
y
ey − 1 and g(y) = e
−y . (A.20)
For the quark elds, the exponential regulator reads
Rψk (i /¯D) = i /¯D rψ
(
(i /¯D)2
k2
)
with rψ(y) =
1√
1− e−y − 1 , (A.21)
and the funtions hψ(y, m
k
) and gψ(y, m
k
) are given by
hψ(y, m˜) =
y2
(ey − 1)(y + m˜2(1− e−y)) and g
ψ(y, m˜) =
y(1− e−y)(1−√1− e−y)
y + m˜2(1− e−y) .
(A.22)
Inserting Eq. (A.20) and (A.22) into Eqs. (A.14)-(A.18) ompletely determines the desired
thermal moments.
A.2 Threshold funtions
In Se. 4, the regulator dependene of the ow equations of the four-fermion interations
is ontrolled by threshold funtions. The purely fermioni threshold funtions are dened
by
l(F )dn (t, w) = n
vd−1
vd
t
∞∑
n=−∞
∫ ∞
0
dyy
d−3
2
pψ(yψ)− yψp˙ψ(yψ)
[pψ(yψ) + w]n+1
, (A.23)
where t ≡ T/k and w are dimensionless quantities, the latter being assoiated with nite
quark masses. Dots denote derivatives with respet to yψ. The dimensionless momentum
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yψ = ν˜
2
n + y depends on the (dimensionless) fermioni Matsubara frequenies ν˜n = (2n +
1)πt. The funtion pψ(yψ) is related to the regulator shape funtion rψ by
rψ(yψ) =
√
pψ(yψ)
yψ
− 1 . (A.24)
The fator v−1d is proportional to the volume of the d dimensional unit ball:
v−1d = 2
d+1π
d
2Γ
(
d
2
)
. (A.25)
In Se. 4, we only need l
(F )
1 . Using the exponential regulator Eq. (A.21) and w = 0 for
massless quarks, the fermioni threshold funtion l
(F )
1 (t, 0) reads,
l
(F )
1 (t, 0) =
∞∑
n=−∞
(−1)ne− n2t , l(F )1 (t→ 0, 0) −→ 1 . (A.26)
The threshold funtions l
(FB)d
n1,n2 (t, w1, w2) arise from Feynman graphs, inorporating fermioni
and bosoni elds:
l(FB)dn1,n2 (t, w1, w2) =
vd−1
vd
t
∞∑
n=−∞
∫ ∞
0
dyy
d−3
2
1
[pψ(yψ) + w1]n1 [pA(yA) + w2]n2
×
{
n1[pψ(yψ)− yψp˙ψ(yψ)]
pψ(yψ) + w1
+
n2[pA(yA)− yAp˙A(yA)]
pA(yA) + w2
}
. (A.27)
Here, w1 and w2 are dimensionless arguments and dots denote derivatives with respet
to yψ and yA, respetively. In analogy to the fermioni ase, the dimensionless bosoni
momentum yA = ω˜
2
n + y depends on the (dimensionless) bosoni Matsubara frequenies
ω˜2n = 4π
2n2t2. The (bosoni) regulator shape funtion r is onneted with pA by the
relation
pA(yA) = yA[1 + r(yA)] . (A.28)
In Set. 4, we need l
(FB)4
1,1 and l
(FB)4
1,2 . Using the exponential regulator Eq. (A.19) and (A.21),
we an alulate the integrals analytially in the limit t→ 0 and w1 = w2 = 0 for d = 4:
lim
t→0
l
(FB)4
1,1 (t, 0, 0) = 1 and lim
t→0
l
(FB)4
1,2 (t, 0, 0) = 3 ln(
4
3
) . (A.29)
For t→∞ or w →∞, the threshold funtions l(F )dn and l(FB)dn1,n2 approah zero. For nite t
and w, the threshold funtions an easily be evaluated numerially.
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B Resummation of the anomalous dimension
Here, we present details for the resummation of the series expansion of the anomalous
dimension η,
η ≃
∞∑
i=0
al.g.m G
m . (B.1)
The leading growth (l.g.) oeients al.g.m read
al.g.m = a
A
m + a
q
m = 4(−2c1)m−1
Γ(zd +m)Γ(m+ 1)
Γ(zd + 1)
[
h¯A2m−ed(
T
k
)(d−2)2
2m − 2
(2m)!
τAmB2m
− 4
Γ(2m)
τAmh¯
A
2m−ed(
T
k
) + 4m+1
B2m
(2m)!
τψm
N
f∑
i=1
h¯ψ2m−ed(
mi
k
, T
k
)
]
, (B.2)
where B2m are the Bernoulli numbers and zd is dened as
zd := (d− 1)(N2

− 1)c2 . (B.3)
The temperature and regulator-dependent funtions c1 and c2 are given by
c1 = 2
(
H¯A0
(
T
k
)− G¯A0 (Tk )) , (B.4)
c2 =
h¯A−ed
(
T
k
)− g¯A−ed(Tk )
c1
. (B.5)
Note that c1 > 0 and c2 > 0 for
T
k
≥ 0. In the limits T
k
→ 0 and T
k
→ ∞, c1 and c2 are
given by
lim
T
k
→0
c1 = c
0
1 =
4
d
(d
2
ζ
(
1 +
d
2
)
− 1
)
, (B.6)
lim
T
k
→0
c2 = c
0
2 =
d
4
, (B.7)
lim
T
k
→∞
k
T
c1 = c
∞
1 = 2
√
4π
(
ζ
(
1 + ed
)
− 2
d− 1
)
, (B.8)
lim
T
k
→∞
c2 = c
∞
2 =
edζ(1 + ed)− 1
2(ζ(1 + ed)− 2d−1)
, (B.9)
where we have used Eq. (A.9)-(A.18) for the exponential regulator and ζ(x) denotes the
Riemann Zeta funtion.
Now, we perform the resummation of η along the lines of [13℄: We split the anomalous
dimension Eq. (25) into three ontributions,
η = ηA1 + η
A
2 + η
q , (B.10)
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where ηA1 orresponds to the resummation of the term ∼ τAmB2m in Eq. (B.2) and ηA2 to
the resummation of the term ontaining the Nielsen-Olesen unstable mode (∼ 1/Γ(2m)) ,
representing the leading and subleading growth, respetively. The remaining ontributions
are ontained in ηq.
First, we onne ourselves to SU(Nc = 2) for whih the group theoretial fators are
τAm = Nc and τ
ψ
m = N (1/4)
m = 2 (1/4)m (see Appendix C for details), but we
artiially retain the N

dependene in all terms in order to simplify the generalization to
gauge groups of higher rank.
We start with the resummation of ηA1 : For this purpose, we use the standard integral
representation of the Γ funtions [66℄,
Γ(zd +m)Γ(m+ 1) =
∫ ∞
0
ds1
∫ ∞
0
ds2 s1s
zd
2 (s1s2)
m−1e−(s1+s2) =
∫ ∞
0
dp K˜zd−1(p) p
m−1,
(B.11)
where we have introdued the modied Bessel funtion
K˜zd−1(s) = 2s
1
2
(zd+1)Kzd−1(2
√
s) . (B.12)
Furthermore, we use the series representation of the Bernoulli numbers [66℄,
B2m
(2m)!
= 2
(−1)m−1
(2π)2m
∞∑
l=1
1
l2m
. (B.13)
With the aid of Eq. (B.11) and (B.13), we rewrite ηA1 as follows
ηA1 =
4(d−2)N

G
π2Γ(zd+1)
∞∑
m=1
∞∑
l=1
1
l2
∫ ∞
0
dp K˜zd−1(p) h¯
A
2m−ed(
T
k
)
[
2
(2Gpc1
π2l2
)m−1
−
(Gpc1
2π2l2
)m−1]
.
(B.14)
In order to perform the summation over m, we dene
SAb (q, v) =
∞∑
l=1
1
l2
∞∑
m=1
( q
l2
)m−1
h¯A2m−ed(v)
=
2√
π
∞∑
l=1
∞∑
m=0
∞∑
n=−∞
∫ ∞
0
dx cos
(nx
v
)∫ ∞
0
dt
e−t
l2
∫ ∞
0
ds h˜(s)
s2−ed
(2m)!
(st√q
l
)2m
e−sx
2
=
1
Γ(b+1)
√
qπ
∞∑
n=−∞
∫ ∞
0
dx cos
(nx
v
)∫ ∞
0
dtLi1
(
e
− t√
q
)
σAb (x
2, t) , (B.15)
where we have used Eqs. (A.9), (A.1) and (A.13). The auxiliary funtion σAb is dened as
σAb (x, t) =
(
− d
dy
)b+3−ed ∫ ∞
0
du ub
[
h(y+u+x2−t) + h(y+u+x2+t)
]∣∣∣∣
y=0
. (B.16)
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Using Eq. (B.15), we obtain the nal expression for ηA1 ,
ηA1 =
4(d−2)N

G
π2Γ(zd+1)
∫ ∞
0
dp K˜zd−1(p)
[
2SAb
(2Gpc1
π2
,
T
k
)
−SAb
(Gpc1
2π2
,
T
k
)]
, (B.17)
whih an straightforwardly be evaluated numerially.
Now we turn to the alulation of ηA2 , the subleading-growth part of η. Here, a areful
treatment of the zeroth Matsubara frequeny whih ontains the Nielsen-Olesen mode, is
neessary. More speially, we transform the modied moments h¯Aj in Eq. (A.15) into
a sum over Matsubara frequenies and insert a regulator funtion P(T
k
)
for the unstable
mode,
h¯A,regj (v) =
√
4πv
∞∑
n=−∞
∫ ∞
0
ds h˜(s)sje−sP˜n(v) . (B.18)
Here, we have introdued
P˜n(v) =
{
(2πnv)2 (n 6= 0)
P(v) (n = 0) . (B.19)
The funtion P(v) speies the regularization of the Nielsen-Olesen mode and is dened
in Eq. (D.3); the other modes with n 6= 0 remain unmodied.
We rewrite ηA2 by means of Eq. (B.11),
ηA2 = −
16N

G
Γ(zd+1)
∞∑
m=1
1
Γ(2m)
∫ ∞
0
dp K˜zd−1(p) h¯
A,reg
2m−ed(
T
k
)
(
− 2Gpc1
)m−1
. (B.20)
Now it is onvenient to introdue an auxiliary funtion TA(q) whih is dened as
TAb (q, v) =
∞∑
m=1
1
Γ(2m)
(
− q
)m−1
h¯A,reg2m−ed(v)
=
√
πv
Γ(b+ 1)
∞∑
n=−∞
∫ 1
0
dt
∫ ∞
0
du ub
∫ ∞
0
ds h˜(s)sb+3−ede−s(u+P˜n(v))
[
e−st
√−q + est
√−q
]
=
√
πv
Γ(b+1)
∞∑
n=−∞
ϑAb (P˜n(v), q) , (B.21)
Here, we have used Eqs. (B.18) and (A.13). Furthermore, we have dened the funtion
ϑAb :
ϑAb (x, q) =
(
− d
dy
)b+3−ed ∫ 1
0
dt
∫ ∞
0
du ub
[
h(y+u+ x−t√−q) + h(y+u+x+t√−q)
]∣∣∣∣
y=0
.
(B.22)
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Applying Eq. (B.21) to Eq. (B.20), we obtain
ηA2 = −
16N

G
Γ(zd+1)
∫ ∞
0
dp K˜zd−1(p)T
A
b (2Gpc1,
T
k
) , (B.23)
whih an straightforwardly be evaluated numerially. Finally, we have to alulate the
ontribution of the quarks to the gluon anomalous dimension. Performing analogous steps
along the lines of the alulation of ηA1 , we obtain
ηq =
8N

G
π2Γ(zd+1)
N
f∑
i=1
∫ ∞
0
dp K˜zd−1(p)S
ψ
b
(pGc1
2π2
,
T
k
,
mi
k
)
. (B.24)
The auxiliary funtion Sψb (q, m˜) is dened as
Sψb (q, v, m˜) =
1
Γ(b+1)
√
4πq
∞∑
n=−∞
(−1)n
∫ ∞
0
dx cos
(nx
v
)∫ ∞
0
dtLi1
(
e
− t√
q
)
σψb (u, x
2, t, m˜) ,
(B.25)
where σψb (u, x, t, m˜) is given by
σψb (u, x, t, m˜) =
(
− d
dy
)b+3−ed ∫ ∞
0
du ub
[
hψs
(√
y+u+x−t, m˜
)
+ hψs
(√
y+u+x+t, m˜
)
+hψs
(
−√y+u+x−t, m˜
)
+ hψs
(
−√y+u+x+t, m˜
)]∣∣∣
y=0
.(B.26)
The regulator funtion ours in the funtion hψs (
√
y, m˜) whih is related to hψ(y, m˜) by
hψs (
√
y, m˜) ≡ hψ(y, m˜) . (B.27)
There is one essential dierene between the resummation of ηA1/2 and that of η
q
: the
regulator shape funtion r(y) an be expanded in powers of y, while the orresponding
funtion rψ(y) for the quark elds should have a power series in
√
y whih is a onsequene
of hiral symmetry [67℄; this explains the notation hψs (
√
y, m˜).
We stress that all integral representations in Eqs. (B.17), (B.23) and (B.24) are nite
and an be evaluated numerially. For d = 4 and in the limit T → 0, the results agree
with those of Ref. [13℄.
The remainder of this setion deals with a generalization to higher gauge groups. Sine
we do not have the expliit representation of the olor fators τ
A/ψ
m for gauge groups with
N

≥ 3 at hand, we have to san the Cartan subalgebra for the extremal values of τAm and
τψm. However, as disussed in App. C, these extremal values of τ
A
m and τ
ψ
m an be alulated
straightforwardly. Their insertion into Eq. (B.2) allows to display the anomalous dimension
for SU(3) in terms of the already alulated formulas for SU(2):
η
SU(3)
3 =
2
3
[
ηA1 + η
A
2
]
N

→3
+
1
3
[
ηA1 + η
A
2
]
N

→3,c1→c1/4
+
2
3
ηψ
∣∣∣
N

→3
, (B.28)
η
SU(3)
8 =
[
ηA1 + η
A
2
]
N

→3,c1→3c1/4
+
2
9
ηψ
∣∣∣
N

→3,c1→c1/3
+
4
9
ηψ
∣∣∣
N

→3,c1→4c1/3
. (B.29)
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The notation here serves as a reipe for replaing N

and c1, dened in Eq. (B.4), whih
appear on the right-hand sides of Eqs. (B.17), (B.23) and (B.24). Note that the replae-
ment of N

results also in a modiation of zd, dened in Eq. (B.3). However, c2, whih
appears in the denition of zd, remains unhanged for all gauge groups and depends only
on the dimension d.
C Color fators
In the following, we disuss the olor fators τAi and τ
ψ
i whih arry the information of the
underlying SU(N

) gauge group. First, we summarize the disussion of Ref. [18, 13, 33℄ for
the "gluoni" fators τAi appearing in the ow equation: Gauge group information enters
the ow of the oupling via olor traes over produts of eld strength tensors and gauge
potentials. For our alulation, it sues to onsider a pseudo-abelian bakground eld A¯
whih points into a onstant olor diretion na. Therefore, the olor traes redue to
na1na2 . . . na2i tr

[T (a1T a2 . . . T a2i)] , (C.1)
where the parentheses at the olor indies denote symmetrization. These fators are not
independent of the diretion of na, but the left-hand side of the ow equation is, sine it
is a funtion of the na-independent quantity 1
4
F aµνF
a
µν . For this reason, we only need that
part of the symmetri invariant tensor tr

[T (a1 . . . T a2i)] whih is proportional to the trivial
one,
tr

[T (a1T a2 . . . T a2i)] = τi δ(a1a2 . . . δa2i−1a2i) + . . . . (C.2)
Here, we have negleted further nontrivial symmetri invariant tensors, sine they do not
ontribute to the ow ofWk(θ), but to that of other operators whih do not belong to our
trunation. For the gauge group SU(2), there are no further symmetri invariant tensors
in Eq. (C.2), implying
τ
SU(2)
i = 2, i = 1, 2, . . . . (C.3)
However, for higher gauge groups, the above mentioned ompliations arise. Therefore, we
do not evaluate the τAi 's from Eq. (C.2) diretly; instead, we use the fat that the olor
unit vetor na an always be rotated into the Cartan sub-algebra. Here, we hoose the
two olor vetors na whih give the extremal values for the whole trae of Eq. (C.1). For
SU(3), these extremal hoies are given by vetors na pointing into the 3- and 8-diretion
in olor spae, respetively:
τ
A,SU(3)
i,3 = 2 +
1
4i−1
, τ
A,SU(3)
i,8 = 3
(
3
4
)i−1
. (C.4)
Finally, we turn to the olor fators τψj of the quark setor. The above onsiderations also
hold for the ontributions of the ow equation whih arise from the fermioni part of our
trunation Eq. (15) and (17). Taking into aount that quarks live in the fundamental
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Figure 8: Dependene of the ritial temperature Tc on the smeared regularization of the
Nielsen-Olesen mode with m labeling the regulator. The left and the right panel show the
results for N

with N
f
= 3 and N
f
= 11 massless quark avors, respetively. The limit
m → ∞ an be identied with the stationary point, and thus optimal regulator, in the
lass of onsidered regulators. This justies onstrutively the proedure used in the main
text whih was derived from general onsiderations.
representation and hoosing a olor vetor na pointing into the 3- or 8-diretion, we obtain
τ
ψ,SU(3)
i,3 = 2
(
1
4
)i
, τ
ψ,SU(3)
i,8 = 2
(
1
12
)i
+
(
1
3
)i
i = 1, 2, . . . . (C.5)
Again, all ompliations are absent for SU(2) and we nd τ
ψ,SU(2)
i = τ
ψ,SU(3)
i,3 .
The unertainty introdued by the artiial na dependene of the olor fators is the
reason for the unertainties of our results for the ritial temperature and the xed point
values in three and four dimensions.
D Regulator dependene from the unstable mode
In this setion, we disuss the regulator dependene of the ritial temperature T
r
, arising
from the details of projeting out the unstable Nielsen-Olesen mode. As already explained
in the main text, removing the tahyoni part of the unstable mode orresponds to an exat
operation on the spae of admissible stable bakground elds. In the present ontext, it
even sues to remove only the thermal exitations of the tahyoni part of the mode, sine
the imaginary part arising from quantum utuations an easily be identied and dropped.
In the following, we take a less strit viewpoint and allow for a smeared regularization of
this mode in a whole lass of regulators.
Sine the true physial result will not depend on this part of the regularization, we an
identify the optimal (trunated) result with a stationary point in the spae of regulators,
using the "priniple of minimum sensitivity", f. [37℄. In order to inhibit the thermal
population of the Nielsen-Olesen mode ENO at nite temperature, it sues to regularize
36
only the soft part (zero Matsubara frequeny) of this mode as follows:
ENO
soft
+Rk
k2
−→ P(T
k
) +
ENO
soft
+Rk
k2
. (D.1)
The funtion P(T
k
) has to satisfy the following onstraints:
lim
T/k→0
P(T
k
) = 0 and lim
T/k→∞
P(T
k
)→∞ . (D.2)
In the following, we hoose
P(T
k
) ≡ Pm(Tk ) = (Tk )m with m > 0 (D.3)
as a onvenient example. As a regulator optimization ondition, we demand that T
r
should
be stationary with respet to a variation of the optimal regulator funtion. Calulating
T
r
as a funtion of the parameter m, the optimization ondition for the regulator funtion
translates into
∂Tcr
∂m
∣∣∣∣∣
m=m¯
!
= 0 . (D.4)
The solution m = m¯ denes the desired optimized regulator.
As an example, we show Tcr(m)/Tcr(∞) as a funtion of m for N = 3 with Nf = 3
and with N
f
= 11 quark avors in Fig. 8. We nd that the optimized regulator is given by
m → ∞ for all N

and N
f
. This represents an independent and onstrutive justiation
of the regularization used in the main text, orresponding to the hoie m→∞.
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